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Abstract 
The main objective of the present study is to reduce unwanted vibrations of 

mechanical systems through a sealed tuned liquid column damper (STLCD). A 

nonlinear mathematical model including nonlinear damping and air stiffness of the 

STLCD is considered to study the dynamic behaviour of a structure- STLCD 

coupled system.  A parametric study to investigate the influence of the main 

parameters of the STLCD such as length ratio and mass ratio on the dynamic 

behaviour of the main system subjected to ground excitation is presented. The air 

volume at rest is considered as an additional design parameter. The study showed 

that the efficiency and the range of application of the STLCD to control the system 

resonance vibration are better than the traditional one. In addition, it has been 

noticed that the gain in vibration mitigation from the STLCD with a bigger mass 

higher than 7% ratio is generally modest. Also the same trend is observed when 

increasing its horizontal length ratio over 0.8. These enhance the actual 

implementation of the STLCD for small horizontal space applications. Equations 

for the optimum value of the initial air column height ratio and its corresponding 

performance index for the main structure-STLCD system as a function of both mass 

ratio and relative length were proposed. 

 

Keywords: vibration control, passive control, tuned liquid damper, dynamic 

absorber, tuned liquid column damper 
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1. Introduction 
Modern engineering structures such as tall buildings, offshore platforms and wind 

turbines, etc., and new construction techniques have caused a raised need to 

construct relatively light and flexible units. Furthermore, many of those structures 

are usually subjected to dynamic forces, such as earthquakes, strong winds, huge 

waves, etc. which often cause a relatively large and serious vibrations leading to 

fatigue damage and poor safety. Therefore, many new ideas were developed to 

control the vibrations of these systems to a safe level. The installation of vibration 

absorbers on flexible structures are appropriate solutions for lessening the effects of 

serious vibrations [1-3]. In recent years, the tuned liquid column vibration absorber 

(TLCVA or TLCD) has been considered as effective in reducing system vibrations. 

The TLCVA consists of a rigid piping system integrated with the main system and 

partially filled with liquid, preferably water. The vibration attenuating capability is 

based on an energy transfer from the main system to the TLCVA, and which causes 

a relative motion of the liquid column. Consequently, the viscous and turbulent 

liquid damping, can be adjusted by the insertion of a hydraulic resistance (orifice 

plate), to dissipate the energy [4]. A previous research work has shown that TLCVA 

are very competitive to the traditional mass-spring-dashpot dynamic absorber to 

attenuate the vibration of wind turbine blades [5, 6]. In addition, a modified 

bidirectional TLCD  that needs less liquid than the traditional TLCD was presented 

[7]. The experimental investigations show that the numerical proceedings are 

effective tools to evaluate the dynamic characteristics of the main system impeded 

with TLCD [8,9]. Several designs have been developed to improve the performance 

of the TLCD such as the pendulum type LCD, ball type LCD [10], compliant liquid 

column damper (CLCD) [11], adaptive spring -TLCD [12] and torsional TLCD 

[13].  

Lately in another approach, a sealed tuned liquid column damper, STLCD was 

proposed as a new design of TLCVA.  Where the ends of its vertical tubes are 

closed. This modification provides flexibility for tuning the frequency of STLCD 

through adjusting the initial air volume and pressure in addition to its geometrical 

shape [14, 15]. Reiterer [16] utilized the air spring effects in a STLCD to extend the 

applicability of the TLCD, which provides a reduction of the structural vibrations. 

Hochrainer [17] introduced simple guidelines for the optimal placement and the 

tuning of the STLCD. A compound STLCD to extend the range of the STLCD 

applications was proposed. [18]. Shum et al. [19] performed a theoretical analysis of 

the multiple STLCD to decrease the vibration of cable-stayed bridges under wind 

action. Moreover, the effectiveness of STLCD to control the vibration of the 

offshore platforms under seismic loading was studied [20, 21]. In addition, the 

performance of the STLCD to attenuate the torsional vibration of asymmetric 

structures was studied [22]. Bhattacharyya et al. [23] performed an experimental 

study on to the influence of the air spring nonlinearity on to the air pressure-volume 

relationship inside the STLCD. 

Thereby, the total length and the cross-sectional area ratio are the only two 

parameters, which can be used for tuning the traditional TLCVAs. These limits the 
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use of these types of absorbers to the applications having high weight and low 

frequency (1 Hz). On the other side, the STLCD, in addition to previous parameters, 

it can be tuned by regulating the air volume and pressure (air spring) in the vertical 

columns. The objectives of the current study are to attenuate the resonance response 

of the engineering structures having a natural frequency over 1 Hz by means of a 

STLCD, and to perform a parametric study of the main parameters of the structure-

STLCD coupled system this includes the mass ratio and length ratio and structural 

damping. In addition, the influences of the air volume on the tuning and the 

efficiency of the STLCD with different geometrical configurations are also 

investigated. The nonlinear equations of motion (EOM) are derived and numerically 

solved. The optimum value of the air column height ratio and the performance index 

of the STLCD are obtained numerically through the minimization of the resonance 

response of the main system. 

 

2. Modelling of the STLCD  
 

 
 

Fig. 1. Schematic diagram of structure-STLCD system. 

 

2.1. Modelling of air spring stiffness 
Referring to Fig. 1, The STLCD is a U-shaped pipe filled with a liquid. The lengths 

of the horizontal, vertical tube are 𝐿ℎ and 𝐿𝑣 respectively and the total length of the 

liquid pipes is L. The two vertical columns are sealed at the ends with air of initial 

pressure 𝑃𝑜 and 𝑉𝑜 being the initial volume. When the STLCD to be subjected to an 

external excitation due to structural vibration. The air volume in the two vertical 

columns varies due to liquid motion inside the STLCD. The pressure-volume (P-V) 

relationship is expressed by the general polytropic relation as, 

 

𝑃𝑉𝑛  =  𝑃𝑜𝑉𝑜
𝑛 = constant (1) 

Where y is the displacement of the liquid. The volume change V and the net 

pressure between the two air columns P can be described as: 

𝑉 = 𝑉𝑜 − 𝐴𝑦     and     𝑃 = 𝑃𝑜𝑉𝑜
𝑛 (1 −

𝐴𝑦

𝑉𝑜
)

−𝑛

 (2) 
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Where n is the polytropic index (n=1: 1.4 for air) [13-21], A is the cross-sectional 

area of the STCLD and h is the air column height. Therefore, the stiffness of the air 

spring in each vertical column may be obtained as: 

𝐾 = 𝐴 (
𝑑𝑃

𝑑𝑦
) (3) 

Substituting from Eq. (2) into Eq. (3) then, 

𝐾 = 𝐴𝑃𝑜𝑉𝑜
𝑛

𝑑(1 − 𝐴𝑦 𝑉𝑜⁄ )−𝑛

𝑑𝑦
 

 

       =
𝑛𝐴2𝑃𝑜

𝑉𝑜

(1 − 𝐴𝑦 𝑉𝑜⁄ )−(𝑛+1)  

 =
𝑛𝑉𝑜𝑃𝑜

ℎ2
(1 − 𝑦 ℎ⁄ )−(𝑛+1) (4) 

 

2.2. Equation of motion of STLCD 
If the liquid is incompressible, the velocity profiles of the liquid are uniform over 

the cross-sectional area of the STLCD and the coefficient of head loss is δ then, the 

equation of motion of the liquid column in the STLCD may be written as: 

𝜌𝐴𝐿𝑦̈ +
1

2
𝜌𝐴𝛿|𝑦̇|𝑦̇ + 2(𝜌𝐴𝑔 + 𝐾)𝑦 = −𝜌𝐴𝐿ℎ𝑥̈ (5) 

Where 𝜌 is the liquid density, g is the gravity acceleration, and 𝛽 = 𝑦/ℎ is the liquid 

displacement ratio. Therefore, the natural frequency of the STLCD 𝜔𝑎 can be 

expressed in the following form: 

𝜔𝑎 = √2(𝜌𝐴𝑔 + 𝐾) 𝜌𝐴𝐿⁄  (6) 

 Substituting for K in Eq. (6) from Eq. (4), we get: 

𝜔𝑎 = √
2𝑔

𝐿
(1 +

𝑛𝑃𝑜

𝜌𝑔ℎ
(1 − 𝛽)−(𝑛+1)) (7) 

Equation (5) shows that the restoring and the damping force acting on the liquid 

inside the STLCD are nonlinear functions of the liquid displacement. Mostly, the 

numerical procedures are needed to solve Eq. (5) in the time domain. Equation (7) 

shows that the natural frequency of the STLCD is determined not only by the length 

of the liquid column but it can be increased by the factor (
𝑛𝑃𝑜

𝜌𝑔ℎ
(1 − 𝛽)−(𝑛+1)) for a 

given liquid column length comparing with the traditional TLCD, which may 

facilitate the frequency tuning requirement. 

 

2.3. Equations of motion of structure - STLCD system 
Referring to Fig. 1, the structure – STLCD system is subjected to a ground 

acceleration 𝑥̈𝑔(𝑡) =  (𝑃𝐺𝐴) 𝑠𝑖𝑛(𝜔𝑡). The peak ground acceleration PGA= g x fc, 

𝑓𝑐 , 𝜔  are the intensity factor and frequency of the ground acceleration respectively. 

M, 𝐶𝑠, 𝐾𝑠 and x(t) represent the mass, the equivalent viscous damping, stiffness and 
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the displacement of the main system respectively, therefore, The EOMs for the 

structure-STLD coupled system can be expressed as: 

𝜌𝐴𝐿𝑦̈ + 𝜌𝐴𝐿ℎ𝑥̈ +
1

2
𝜌𝐴𝛿|𝑦̇|𝑦̇ + 2(𝜌𝐴𝑔 + 𝐾)𝑦 = −𝜌𝐴𝐿ℎ𝑥̈𝑔 

 

(𝑀 + 𝜌𝐴𝐿)𝑥̈ + 𝜌𝐴𝐿ℎ𝑦̈ + 𝐶𝑠𝑥̇ + 𝐾𝑠𝑥 = −(𝑀 + 𝜌𝐴𝐿)𝑥̈𝑔 

(8) 

Normalization of Eq. (8) with respect to the mass of liquid m (𝑚 = 𝜌𝐴𝐿) and main 

system mass (M) respectively, leads to: 

𝑦̈ + 𝛼𝑥̈ +
𝛿

2𝐿
|𝑦̇|𝑦̇ + 𝜔𝑎

2𝑦 = −𝛼𝑥̈𝑔 (9) 

(1 + 𝜇)𝑥̈ + 𝛼𝜇𝑦̈ + 2𝜁𝑠𝜔𝑛𝑥̇ + 𝜔𝑛
2𝑥 = −(1 + 𝜇)𝑥̈𝑔  

In which, 𝜔𝑛 = √𝐾𝑠/𝑀, 𝜁𝑠 = 𝐶𝑠/2𝑀𝜔𝑛, 𝛼 = 𝐿ℎ 𝐿 ⁄ , 𝜇 = 𝑚 𝑀⁄  and 𝑟 = 𝜔 𝜔𝑛⁄ are 

the natural frequency , damping ratio of the main system , length ratio ,mass ratio 

and frequency ratio respectively. Finally, the structure-STLCD equations of motion 

can be formulated in a matrix form as: 

[
(1 + 𝜇) 𝛼𝜇

𝛼 1
] {

𝑥̈
𝑦̈

} + [

2𝜁𝑠𝜔𝑛 0

0
𝛿

2𝐿
|𝑦̇|

] {
𝑥̇
𝑦̇

} + [
𝜔𝑛

2 0

0 𝜔𝑎
2] {

𝑥
𝑦} = − {

(1 + 𝜇)
𝛼

} 𝑥̈𝑔 (10) 

The response of the structure-STLCD system in both the time and the frequency 

domains can be estimated by solving Eq. (10) using the Adaptive Runge–Kutta 

method. 

 

3. Parametric study and results 
Referring to Fig. 2, the time history results indicate that the presented nonlinear 

model provide identical solutions and in good agreement with the linear model 

results reported in the previous literature for small relative displacement [15]. The 

response ratio 𝑥𝑟 =
𝑥𝑚𝑎𝑥

𝑥𝑤
  is determined as the ratio of the peak displacement of the 

structure -STLCD system (𝑥𝑚𝑎𝑥) to its peak displacement without a STLCD (𝑥𝑤). 

However, for high relative displacement when the linear model is not valid the 

presented nonlinear model is anticipated to give helpful results for a wide range of 

the liquid's displacement. 

 

  
Fig.2. Response time histories of the structure-STLCD for µ = 8%: a) α =0.5, b) α = 0.8 
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Since the objective of installing the dynamic absorber to the structure is to bring the 

resonant peak down to its lowest possible value, some typical plots of frequency 

response curves under different values of the mass ratio are shown in Fig. 3. 

Reffering to Fig. 3a it can be noticed that by increasing the mass ratio the minimum 

response ratio was decreased and shifted towards the right side, and one point from 

the two peaks of the curve is going up and the other is going down. Figure 3b shows 

the influence of the mass ratio on relative liquid displacement 𝜑 = 𝑦 𝐿𝑣⁄  in the 

frequency domain. For excitation intensity and the length ratio equal to 0.1g and 0.8 

respectively. It is seen that for the whole values of the mass ratio the relative liquid 

displacement is acceptable (less than 0.5) to maintain the U-shape and continuity of 

the liquid column. In addition, the minimum liquid displacement takes place at 

resonance conditions and its value is smaller than the reported value in case of the 

traditional TLCD [3]. This may allow extending the using of the STLCD to the 

applications under strong excitation. 

 

 
(a) 

 
(b) 

Fig. 3. Frequency response curve of the structure-STLCD system 

 

Figure 4 shows the variation of the maximum 𝑥𝑚𝑎𝑥, mean 𝑥𝑚𝑒𝑎𝑛 and minimum 𝑥𝑚𝑖𝑛 

response ratios of the main system with the mass ratio respectively, in the excitation 

frequency ratio range r =0.8 to 1.1, the frequency tuning ratio ra is unity and 𝛼 =0.8. 

It can be observed that the STLCD with a bigger mass can achieve lower minimum 

response ratio (better performance) with a slight change in mean response ratio. But 

on the another side, the maximum response ratio decreases with the mass ratio until 

it reaches to the minimum value at 𝜇 ≅ 5% then it began to increase by increasing 

the mass ratio over 𝜇 = 5%, this due to the shifting of the two peaks as discussed 

previously. This behaviour may indicate that the minimum response ratio at ra =1 

may not take place at resonance state. On another side, the gain on the reduction on 

the system response was decreased by increasing the mass ratio over than (𝜇 = 5: 

6%) which also give the minimum value of  𝑥𝑚𝑎𝑥. Referring to Fig. 4, when the 

mass ratio increases from 5% to 6%  the minimum response ratio decreases by about 
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30 %. While when 𝜇 increases from 7% to 8%, there is a  decrease in 𝑥𝑚𝑖𝑛 by only 

about 21%. Figure 5 shows the influence of the volume ratio 

𝑉𝑟  (𝑉𝑟 = intial air volume liquid⁄ volume) on the response ratio 𝑥𝑟 at resonance 

excitation for various values of 𝜇. The length ratio is equal to 0.8 and the liquid 

length is kept constant. As shown in Fig. 5, the effect of the STLCD to reduce the 

main system response has some dependency on the initial air volume, but this 

dependency is in an uneven way. The smallest response ratio at resonance excitation 

for mass ratios 4% and 6%, occurred at about 𝑉𝑟 =11% and 11.6% respectively.  

 
Fig. 4. The effect of mass ratio on system 

response xmax , xmean and xmin . 

 
Fig. 5.  Variation of 𝒙𝒓with volume ratio 

for different mass ratios. 

 

Figure 6 shows, The effect of the mass ratio on the response ratio when 

𝑉𝑟 =constant, and 𝑉𝑟 ≠ constant with the mass ratio in the range of 3 to 8%. It can 

be seen that the volume ratio for maximum reduction in system response increases 

as the mass ratio is increased. The gains from the tuning of the volume ratio are 

about 30% and 40% for the mass ratio of μ =3% and 8% respectively. Figure 7 

shows the variation of the performance index (𝜂 = 1 − 𝑥𝑟) with the volume ratio for 

various values of the structural damping and mass ratio. It can be noticed that the 

effect of the structural damping on to the volume ratio of the maximum 

performance index is very insignificant. The performance index is slightly 

decreased as the main system damping is increased such as the structural damping is 

increased from 1% to 2%  the performance index is reduced by about 2.4% and 

1.1% for the mass ratio of 5% and  8%   respectively. Inspecting Fig. 8, it is 

apparent that the liquid displacements 𝜑 and 𝛽 have been considered acceptable 

with the small effect of on their values by changing the structural damping. In 

addition, it can be seen that  the liquid displacement ratio 𝛽 began to decreasing 

when volume ratio reached to its tuning value which corresponding to frequency 

tuning ratio 𝑟𝑎 = 1.037. With the constant total liquid length and the frequency of 

the main system equal to 4 Hz, the variation of the performance index of the 

structure-STLCD system are shown in Fig. 9 for varying combination of volume 
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ratio and the length ratio of the STLCD. The radar plots are shown for two different 

mass ratios 𝜇 = 3% and 5% in Fig. 9a and 9b. Similar plots for the two alternative 

mass ratios 𝜇 = 7% and 8% are shown in Fig. 9c and 9d. It is observed that there are 

volume tuning ratios to attain the minimum system responses and thereby 

maximizing the control efficiency and the performance index. It is also noted that 

the optimum value of the tuning ratios and the corresponding performance index 

increase with increasing the mass ratio and the length ratio. 

 

 
Fig. 6. The effect of mass ratio on 𝑽𝒓  and 

the corresponding response ratio 

 
Fig.7. Variation of performance index 

with respect to 𝑽𝒓 and 𝜻𝒔 
 

  

 
Fig.8. Liquid displacement ratio and tuning frequency ratio for different 𝑽𝒓 and 𝜻𝒔. 

Referring to Fig. 9, the performance index increases by about 9%, 2.5% and 0.8% 

with increasing the mass ratio from 3% to 5%, from 5% to 7% and from 7% to 8% 

respectively. However, after a particular value, by increasing the mass ratio, the 

efficiency of the STLCD increases with a slow rate, and one can expect that after a 

threshold by raising the mass ratio, the efficiency of the STLCD would reduce. 
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However, higher mass ratio of the STLCD results in heavy damper to change the 

overall dynamic property of the combined structure–damper system and the 

associated increase in cost. Therefore, the practical value of this mass moment ratio 

should be kept as small as possible, typically around 5% for the STLCD. Referring 

to Fig. 9, an important feature to observe in STLCD is that the performance index 

remains acceptable irrespective of the length ratio, whereas, in traditional TLCD, the 

efficiencies much decrease with decreasing the length ratio. Where, the minimum 

performance index reported at 𝜇 = 3% and 𝛼 =0.5 is 61% and it increases to 79% 

and 87% with increasing the mass ratio to 5% and 7% respectively. This implies to 

the enhanced performance robustness of the STLCD under varying length ratios. In 

addition, it can be noticed that there is a very little improvement in the performance 

index with increasing the length ratio from 0.8 to 0.9 by about 1.8% and 1 % at 𝜇 

equal to 5% and 7% respectively. A larger 𝛼 will even result in a bigger demand in 

horizontal space, which is not possible to be achieved in actual applications. 

 

  
 

 

 

 

               Fig. 9. Variation of performance index with volume ratio for different 𝜶 𝐚𝐧𝐝 𝝁 
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4. Parametric optimization 
To optimize the STLCD parameters for achieving the best vibration attenuation of 

the structure a constrained optimization problem is formulated and solved 

numerically. The designer can specify the mass ratio and the length ratio according 

to space constraints. The air column height ratio 𝛾 = ℎ/𝐿𝑣  is the variable considered to 

evaluate its optimal values. The objective of the current optimization process is to 

minimize the resonance response ratio 𝑥𝑟. The constraint is applied by restricting 

the maximum liquid displacement ratio to half (𝛽𝑚𝑎𝑥 ≤ 0.5) .  

The optimization problem is defined as: 

Find                      𝑋(𝛾𝑜)  

To minimize       F(𝑋)= 𝑥𝑟                                                                                 (11) 

Subject to             𝐺(𝑋) ≤ 0.5   where 𝐺(𝑋) =  𝛽𝑚𝑎𝑥  , 

With   𝑙𝑏 ≤ 𝛾𝑜 ≤ 𝑢𝑏   

Where 𝛾𝑜  represents the required optimal values for air column height ratio which 

corresponding to the optimal volume ratio where the resonance frequency response 

is minimal.  𝑙𝑏   and 𝑢𝑏  are the lower and upper bounds which can be expected from 

the parametric study. 

Since the above defined constrained optimization problem and the variable is of a 

continuous type thus, it is a nonlinear complex problem. Global Search Algorithm 

(GSA) is implemented to obtain the optimal solution. The GSA is a numerical 

optimization technique, which utilizes the scatter search algorithm to produce a 

series of trial points as start points within limited boundaries and has an efficient 

nonlinearity constrained multivariable optimization solver. The GSA tests the start 

points and then takes only the points with a good probability of achieving a global 

minimum to run the solver from these points. The solver (fmincon) utilizes the 

sequential quadratic programming (SQP) technique to optimize the object function. 

The formularization of SQP is based on Newton’s method and Karush-Kuhn-

Tucker (KKT) equations. KKT equations based algorithms try to get the Lagrange 

multipliers directly Eqs. (12-14).  

𝐿(𝑋, 𝜆) = 𝐹(𝑋) + 𝜆. 𝐺(𝑋)  (12) 

At the 𝑘𝑡ℎ iteration with 𝑝(𝑝1𝑘, 𝑝2𝑘), the following quadratic programming sub 

problem is solved:  

     
1

2
𝑝𝑇𝛻𝑥𝑥

2 𝐿𝑥𝑝 + 𝛻𝐹𝑘
𝑇𝑝 + 𝑓𝑘𝑝

𝑚𝑖𝑛  (13) 

Subject to                                  ∇𝐺𝑘
𝑇𝑝 + 𝐺𝑘 ≤ 0        (14) 

Figure 10 shows general outline of the optimization problem formulation.  

According to the obtained results and referring to Fig. 11, the air column height 

ratio depends on the mass ratio and the length ratio. Using OriginLab’s surface 

fitting tools, the following relationships are proposed for the optimum air height 
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ratio and its corresponding performance index. It should be noted that the PGA of 

ground acceleration is not presented in Eqs. (15, 16) because the head loss 

coefficient would reflect its effect. 

 

Fig.10. Optimization problem outline 

 

 

 
 

Fig. 11. Optimum air column height ratio and performance index for different mass 

and length ratios 

 

𝛾𝑜 = −0.0816 + (
15.978

1 + 𝐴1(1 + 𝐴2)
) + (0.8046)(exp(−0.5)(𝐴1 + 𝐴2)) (15) 

 

𝜂 % =
−1.0475 +  876.6297𝜇 −  57.2323𝛼 +  102.6262𝛼2 +  78.5827𝛼3

1 − 8.594𝜇 +  236.5038𝜇2 − 1129.34𝜇3 − 2.3051𝛼 + 3.0119𝛼2
 

 

(16) 

Where,                           

𝐴1 = ((𝜇 − 0.08069) 0.13463⁄ )2  and    𝐴2 = ((𝛼 − 1.36879) 0.15911⁄ )2 
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5. Conclusions 

The nonlinear equations of motion of the structure-STLCD coupled system 

including nonlinear damping and stiffness of the STLCD were solved numerically 

to perform a parametric study for the STLCD and its contributions on the dynamic 

performance of the structures have a natural frequency up to 4 Hz. Optimum initial 

air volume in term of air column height ratio was evaluated for different 

configurations of mass ratio and the relative length. The results show that the air 

spring allows the extension of the practical frequency of the STLCD several times 

over the traditional one where its frequency is restricted by liquid length only. 

Furthermore, the greater the relative length and the mass ratio, the greater the 

efficiency of the STLCD due to the increase of the accelerated liquid in the 

horizontal portion. On the other side, a very little influence on the performance 

index was observed by raising the length ratio and the mass ratio over  0.8 and 7% 

respectively. The numerical optimization results show that the optimum air volume 

ratio increases when increasing the mass ratio and the horizontal length ratio and it 

is slightly affected by the main system damping. Its value was varied from 10.5% to 

12% when increasing the mass ratio from 3% to 7% and horizontal length ratio 

from 0.5 to 0.9 with performance index about 61% and 97% respectively. This 

supports the use of the STLCD for the applications having a restricted horizontal 

space. The optimum values of the air column height ratio and the corresponding 

performance index can be obtained directly from the presented optimization 

equations, without any other iteration or modification, resulting in a very significant 

reduction in computational efforts. 
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