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Abstract 
This study presents approximate analytical solutions for the velocity and volume flow rate of an electrically 

conducting, incompressible, and viscous Jeffrey fluid flowing through an asymmetric corrugated channel between 

two slit microparallel plates under electromagnetohydrodynamic conditions. The study uses the perturbation 

method to describe the periodic sinusoidal waves with small amplitude that characterize the corrugations of the 

two walls, which can be either in phase or half-period out of phase. The study also examines how the corrugations 

affect the velocity of the EMHD flow by performing numerical computations. The results show the dependence 

of the velocity profiles and mean velocity parameter on various factors, including Reynolds number (𝑅𝑒), 

Hartmann number (𝐻𝑎), Porous Medium (𝐷𝑎) , dimensionless wave number (𝜆) of the wall perturbation, and the 

dimensionless relaxation time (𝜆1) and retardation time(𝜆2). The findings of this study have important 

implications for understanding the behavior of non-Newtonian fluids within asymmetric corrugated channels under 

electromagnetohydrodynamic conditions. 

Keywords: Microchannel, Corrugated walls, Perturbation method, Jeffrey fluids, Nanofluid, 

Pulsating pressure. 

 
 

1. Introduction. 
Jeffery fluid is a type of non-Newtonian fluid that has gained significant importance in 

the field of fluid mechanics due to its unique properties. Unlike Newtonian fluids, which 

have a constant viscosity regardless of the applied stress, Jeffery fluids exhibit time-

dependent viscosity that changes in response to the applied stress. This property makes 

them particularly useful in industrial processing, oil drilling, and biomedical 

engineering. The study of Jeffery fluid is crucial because it has the potential to 

revolutionize the way we approach fluid mechanics problems. Understanding the 

behavior of these fluids can lead to more efficient methods for processing materials, 

designing machinery, and treating medical conditions. The study of Jeffery fluid is an 
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active area of research, with ongoing discoveries and insights. As such, it is an exciting 

and dynamic field that has the potential to shape the future of many industries. [1-4] 

This research focuses on fluid dynamics in microdevices, highlighting the significance 

of driving forces, geometry, and surface chemistry. It examines the interaction of 

physical phenomena such as pressure gradients, electrokinetics, and capillarity, and their 

effect on fluid flows in microfluidic devices. The study also explores new fluid 

dynamics problems and responses due to the unique geometries of these devices. 

Overall, this study contributes to our understanding of fluid dynamics in microfluidic 

devices and their applications in scientific and industrial contexts. 

The feasibility of using electric and magnetic fields for EMHD micropumps has been 

demonstrated using both direct current and alternating current. [5-8] The research 

discussed in this context focuses on experimental investigations of turbulent flow over 

rough and smooth surfaces in the presence of an adverse pressure gradient. Tay et al. [9-

11] conducted such investigations over two rough surfaces and a smooth surface, while 

Tsikata and Tachie [12-14] studied turbulent flows over smooth and rough walls in a 

channel driven by APG flow using experimental methods. Therefore, the common 

theme among these studies is the experimental examination of turbulent flow under 

adverse pressure gradient conditions. 

In a recent study, Buren et al. [15] used the perturbation method to investigate the flow 

of EMHD Newtonian fluid through a micro parallel channel with corrugated walls, 

examining the effect of roughness on velocity and average velocity in detail. Roughness 

is commonly used in mechanical manufacturing and biomedical applications [16-17], 

where the fluids may not behave as Newtonian fluids. Additionally, the peristaltic flow 

of Jeffrey fluid was studied in a 3D rectangular duct and an asymmetric porous channel 

[18-20]. All the studies mentioned in this context focus on experimental investigations. 

However, Si and Jian [21] used the perturbation method to analytically solve the 

problem of Jeffrey fluid flow in a parallel microchannel with corrugated walls driven by 

Lorenz force. Additionally, Buren and Jian et al. [22-23] conducted an analytical study 

of Newtonian fluid flow in a parallel rough microchannel driven by pressure and Lorenz 
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force. It is 

noteworthy that 

there is 

currently no 

analytical 

solution 

available for fluid flow in a roughness channel driven by an oscillating pressure gradient. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Geometry of the problem 

 

2. Mathematical Model 
This study investigates the electromagnetic hydrodynamic (EMHD) flow of an 

incompressible, electrically conducting Jeffrey fluid with density ρ and electrical 

conductivity σ, between two corrugated walls with a fixed height of H in a microchannel. 

The corrugated wall has an amplitude of 0.1H, representing a geometrical deformation 

in microchannels fabricated using precise manufacturing techniques. Figure (1) 

illustrates the layer thickness W, where 𝐿 ≫ 𝐻, and the orientation of the 𝑦, 𝑧, and x-

axes. The upper and lower walls exhibit a corrugated wall, as defined in reference [24]. 

𝑦𝑢
∗ = 𝑑1

∗ + 𝑎1
∗ sin (

𝜆 𝑥∗

𝑑1

)        ,      𝑦𝑙
∗ = −𝑑2

∗ + 𝑎2
∗ sin (

𝜆 𝑥∗ + 𝜃∗

𝑑1

) ,                 (1) 

where  𝑎1
∗ = 𝜀 𝑑1

∗    ,    𝑎2
∗ = 𝛼 𝑎1

∗   ,   𝑑2
∗ = 𝛾 𝑑1

∗. The flow is unsteady, laminar, and 

incompressible, occurring between two corrugated walls with a height of 𝐻. The layer 

thickness W is shown in Figure 1, with the y-axis perpendicular to the walls and the z 
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and x-axes tangential to the wall surface. The corrugated wall is defined in reference 

[24], with the amplitude of the waves represented by 𝑎1 and 𝑎2, the wavelength by 𝜆, 

and the width of the channel by 𝑑1 + 𝑑2. The phase difference between the two 

corrugated walls is denoted by 𝜃∗. The continuity and momentum equations are derived 

for an incompressible fluid, as described in references [24-25] further. 

𝑎1
∗; 𝑎2

∗; 𝑑1
∗; 𝑑2

∗  and / satisfies the condition 𝑎1
∗2 + 𝑎2

∗2 + 2𝑎1
∗𝑎2

∗ cos 𝜃 ≤ (𝑑1
∗ + 𝑑2

∗)2  

∇ ∙ 𝑉 = 0                                                                                      (2) 

𝜌𝑓

𝜕�⃑� 

𝜕𝑡
+ 𝜌𝑓(�⃑� ∙ 𝛻)�⃑� = −𝛻𝑝 + 𝜇𝑓∇ 𝜏∗ + 𝐹                                                 (3) 

𝐽 = 𝜎(�⃑� + �⃑� × �⃑� )                                                                   (4) 

In equation (4), �⃑�   represent applied electric field, respectively. 𝐹  represents the Lorentz 

force, which arises from the interaction between fluid flow and applied magnetic field, 

where the magnetic field acts in the y-direction as �⃑� = 𝐵0𝑒 𝑦, and the uniform electric 

field is �⃑� = 𝐸𝑥𝑒 𝑥. The electric current density  𝐽  takes the form 𝐽 = 𝜎[�⃑� × �⃑� ] + 𝜎�⃑� . 

Thus, the constitution relation of Jeffrey fluid [26-27] satisfies: 

𝜏𝑖 𝑗
∗ + 𝜆1

𝜕𝜏𝑖 𝑗
∗

𝜕𝑡∗
= 𝜇 (𝛾𝑖 𝑗

∗ + 𝜆2

𝜕𝛾𝑖 𝑗
∗

𝜕𝑡∗
) .                                              (5) 

Here 𝛾𝑖 𝑗
∗ =

𝜕𝑢𝑗
∗

𝜕𝑥𝑖
∗ and 𝜏𝑖 𝑗

∗  represent the strain and stress tensors, respectively. denotes the 

zero shear rate viscosity, while 𝜆1 and 𝜆2 refer to the relaxation and retardation times, 

respectively. It is worth noting that in general, the retardation time 𝜆2 is smaller than the 

relaxation time 𝜆1 [27-28]. The no-slip boundary conditions dictate that the 

corresponding boundary conditions of equation (3) can be expressed as: 

𝑤∗(𝑥∗, y𝑢
∗ ) = 𝑤∗(𝑥∗, y𝑙

∗) = 0  .                                                     (6) 

If we set the relaxation time 𝜆1 and retardation time 𝜆2  to zero in equation (5), it 

becomes the constitutive relation for a Newtonian fluid. In this case, we can obtain an 

analytical solution for the Newtonian fluid, which can be used to validate the analytical 

solution for a Jeffrey fluid. The liquid flowing through the microchannel is assumed to 

be incompressible and flowing only in the 𝑧∗ direction. Since the channel in the𝑧∗ 
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direction is assumed to be open, we can ignore pressure gradients along the 

microchannel [28]. The velocity 𝑤∗(𝑥∗, 𝑦∗, 𝑡∗) satisfies. 

(1 + 𝜆1

𝜕

𝜕𝑡∗
) [𝜌

𝜕𝑤∗

𝜕𝑡∗
+

∂P

∂z∗
+ 𝜎𝑤∗𝐵𝑜

2 − 𝜎𝐸𝑥  𝐵𝑜 −
𝜇

 𝑘
𝑤∗]

= 𝜇 (1 + 𝜆2

𝜕

𝜕𝑡∗
) (

𝜕2𝑤∗(𝑥∗, 𝑦∗)

𝜕𝑥∗2 +
𝜕2𝑤∗(𝑥∗, 𝑦∗)

𝜕𝑦∗2
)                           (7) 

In the current analysis of EMHD flow, it is assumed that the velocity, 𝑤∗, k be the 

permeability of the porous medium and the electric field 𝐸𝑥, exhibit periodic behavior 

and can be mathematically represented using complex forms. Likewise, the pressure can 

also be represented in a similar fashion [29-30]. 

∂P

∂z∗
= −

𝜇𝑓 𝜔 𝑘 cos𝜔𝑡∗

𝐻
= −

𝜇𝑓 𝜔 𝜏 

𝐻
ℜ{𝑒𝑖 𝜔 𝑡∗

}                                     (8) 

∴ 𝑤∗ = ℜ{𝑢∗(𝑥∗, 𝑦∗)𝑒𝑖 𝜔 𝑡∗
}      ,       𝐸𝑥 = ℜ{𝐸0 𝑒

𝑖 𝜔 𝑡∗
}                                (9) 

In the given equation, ℜ{} represents the real part of the function, 𝜔 is the imposed AC 

electric field's angular frequency, 𝑖 is the imaginary unit, and 𝑤 and 𝐸0 denote the 

amplitudes of velocity and AC electric field, and 𝜏 are amplitudes of velocity and 

pressure gradient field. Upon substituting Eqs (8), (9) into Eq. (7), we obtain: 

(𝜌 (𝑖 𝜔𝑒𝑖 𝜔 𝑡∗
𝑢∗(𝑥∗, 𝑦∗)) −

𝜇 𝜔 𝜏 

𝑑1

𝑒𝑖 𝜔 𝑡∗
+ 𝜎(𝑢∗(𝑥∗, 𝑦∗)𝑒𝑖 𝜔 𝑡∗

)𝐵𝑜
2 − 𝜎(𝐸0 𝑒

𝑖 𝜔 𝑡∗
) 𝐵𝑜

−
𝜇

 𝑘
(𝑢∗(𝑥∗, 𝑦∗)𝑒𝑖 𝜔 𝑡∗

)

+ 𝜆1

𝜕

𝜕𝑡∗
(𝜌 (𝑖 𝜔𝑒𝑖 𝜔 𝑡∗

𝑢∗(𝑥∗, 𝑦∗)) −
𝜇 𝜔 𝜏 

𝑑1

𝑒𝑖 𝜔 𝑡∗

+ 𝜎(𝑢∗(𝑥∗, 𝑦∗)𝑒𝑖 𝜔 𝑡∗
)𝐵𝑜

2 − 𝜎(𝐸0 𝑒
𝑖 𝜔 𝑡∗

) 𝐵𝑜 −
𝜇

𝑘
(𝑢∗(𝑥∗, 𝑦∗)𝑒𝑖 𝜔 𝑡∗

)))

= 𝜇 ((
𝜕2𝑢∗(𝑥∗, 𝑦∗)

𝜕𝑥∗2 𝑒𝑖 𝜔 𝑡∗
+

𝜕2𝑢∗(𝑥∗, 𝑦∗)

𝜕𝑦∗2
𝑒𝑖 𝜔 𝑡∗

)

+ 𝜆2

𝜕

𝜕𝑡∗
(
𝜕2𝑢∗(𝑥∗, 𝑦∗)

𝜕𝑥∗2
𝑒𝑖 𝜔 𝑡∗

+
𝜕2𝑢∗(𝑥∗, 𝑦∗)

𝜕𝑦∗2
𝑒𝑖 𝜔 𝑡∗

))                      (10) 
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Dimensionless variables are defined as follows: 

𝑥 =
𝑥∗

𝑑1
∗    ,   𝑦 =

𝑦∗

𝑑1
∗   ,   𝑢 =

𝑢∗

𝑑1
∗  𝜔

   ,   𝜆 =
𝜆∗

𝑑1
∗    ,   𝜃 =

𝜃∗

𝑑1
∗  ,                                            (11)   

 

By applying the given scaling to equation (10), we can express the momentum equation 

in a dimensionless form. 

(1 + 𝜆1𝜔 𝑖)(𝑅𝑒 ∗ 𝑖) (𝑢) + (1 + 𝜆1 𝑖𝜔) 𝜏 − (1 + 𝜆1𝜔 𝑖 )(𝐻𝑎)(𝑠)

+ (1 + 𝜆1 𝑖𝜔)(𝐻𝑎2)(𝑢) − (1 + 𝜆1𝜔𝑖)
𝑘

𝑑1
2
(𝑢)

=  (1 + 𝑖 𝜔𝜆2) (
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
) ,                                                                   (12) 

where, 

𝐻𝑎2 =
𝐵𝑜

2 𝐻2 𝜎𝑓

𝜇𝑓
 ,   𝐻𝑎 = 𝐵𝑜 𝐻√

𝜎𝑓

𝜇𝑓
  ,    𝑠 =

𝐸0

𝜔
√

𝜎𝑓

𝜇𝑓
  ,   𝑅𝑒 =

𝜌 𝜔 𝐻2

𝜇𝑓
  ,   

1

𝐷𝑎
=

𝑑1
2

𝑘
, 

and 

𝛽 =
(1 + 𝜆1 𝑖 𝜔) (𝑅𝑒 ∗ 𝑖 + 𝐻𝑎2 −

1
𝐷𝑎

)

(1 + 𝑖 𝜔𝜆2)
 

𝛲 =
(1 + 𝜆1𝜔 𝑖 )(𝐻𝑎)(𝑠) − (1 + 𝜆1 𝑖𝜔) 𝜏

(1 + 𝑖 𝜔𝜆2)
 

(
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
) − (𝛽)𝑢 + 𝛲 = 0                                     (13) 

 

The parameters involved in the problem are 𝑅𝑒, 𝐻𝑎, and 𝑠, where 𝑅𝑒 is the Reynolds 

number that represents the frequency of the Ac electric field, 𝐻𝑎 is the Hartmann 

number that characterizes the ratio between the Lorenz force and the viscous force, and 

s is a non-dimensional parameter that indicates the strength of the electric field.  

 

The respective boundary conditions are: 

𝑢 = 0                     𝑎𝑡             𝑦𝑢 = 1 + 𝜀 sin(𝜆 𝑥)                                                 (14) 

𝑢 = 0                     𝑎𝑡      𝑦𝐿 = −𝛼 + 𝛾𝜀 sin(𝜆 𝑥 + 𝜃)                                          (15) 
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The boundary conditions (15) and (16) can be expressed as a Taylor series expansion 

around the mean wall positions 𝑦 = 1 and 𝑦 = −𝛼: 

 

{
 
 
 
 

 
 
 
 𝑢(𝑥 ,1 + 𝜖 sin(𝜆 𝑥) ) = 𝑢(𝑥 , 1) + 𝜖 sin(𝜆 𝑥) 

𝜕𝑢

𝜕𝑦
(𝑥 , 1)

+
𝜖2

2
sin2(𝜆 𝑥) 

𝜕2𝑢

𝜕𝑦2
(𝑥 , 1) +∙∙∙∙∙∙∙∙∙∙∙∙∙

𝑢(𝑥 , −𝛼 + 𝛾 𝜀 sin(𝜆𝑥 + 𝜃) ) = 𝑢(𝑥 , −𝛼) + 𝛾 𝜀 sin(𝜆𝑥 + 𝜃) 
𝜕𝑢

𝜕𝑦
(𝑥 , −𝛼)

+𝛾2
𝜀2

2
sin2(𝜆𝑥 + 𝜃) 

𝜕2𝑢

𝜕𝑦2
(𝑥 , −𝛼) +∙∙∙

     (16) 

 

𝜀𝑜  ∶ {

 𝑢𝑜(𝑥 , 𝑦)|𝑦=1 = 0

 𝑢𝑜(𝑥 , 𝑦)|𝑦=−𝛼 = 0
                                                (17) 

 

𝜀1   ∶

{
 
 

 
 𝑢1(𝑥 , 𝑦)|𝑦=1 = −sin(𝜆 𝑥) 

𝜕𝑢𝑜(𝑥 , 𝑦)

𝜕𝑦
|
𝑦=1

𝑢1(𝑥 , 𝑦)|𝑦=−𝛼 = −𝛾 sin(𝜆𝑥 + 𝜃) 
𝜕𝑢𝑜(𝑥 , 𝑦)

𝜕𝑦
|
𝑦=−𝛼

                       (18) 

𝜀2   ∶

{
 
 
 
 
 

 
 
 
 
 𝑢2(𝑥 , 𝑦)|𝑦=1 = −𝑠𝑖𝑛(𝜆 𝑥) 

𝜕𝑢1(𝑥 , 𝑦)

𝜕𝑦
|
𝑦=1

−
𝑠𝑖𝑛2(𝜆 𝑥)

2
 
𝜕2𝑢𝑜(𝑥 , 𝑦)

𝜕𝑦2
|
𝑦=1

𝑢2(𝑥 , 𝑦)|𝑦=−𝛼 = −𝛾 𝑠𝑖𝑛(𝜆𝑥 + 𝜃) 
𝜕𝑢1(𝑥 , 𝑦)

𝜕𝑦
|
𝑦=−𝛼

−𝛾2
𝑠𝑖𝑛2(𝜆𝑥 + 𝜃)

2
 
𝜕2𝑢𝑜(𝑥 , 𝑦)

𝜕𝑦2
|
𝑦=−𝛼

                        (19) 

 

If there was no roughness, the velocity w would be a function of y only. However, the 

presence of surface roughness induces a functional variation in the x-direction as well.  
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For small values of ε, the velocity function can be expressed by a regular perturbation 

expansion in ε, 

𝑢(𝑥 , 𝑦) = 𝑢𝑜(𝑥 , 𝑦) + 𝜀 𝑢1(𝑥 , 𝑦) + 𝜀2𝑢2(𝑥 , 𝑦) +∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙              (20) 

By substituting Eq. (20) into Eq. (13), we get 

𝜀0 :      
𝜕2𝑢0

𝜕𝑥2
+

𝜕2𝑢0

𝜕𝑦2
− (𝛽) 𝑢0 + 𝛲 = 0 ,                                   (21) 

𝜀1 :      
𝜕2𝑢1

𝜕𝑥2
+

𝜕2𝑢1

𝜕𝑦2
− (𝛽) 𝑢1 = 0,                                            (22) 

𝜀2 :      
𝜕2𝑢2

𝜕𝑥2
+

𝜕2𝑢2

𝜕𝑦2
− (𝛽) 𝑢2 = 0.                                                      (23) 

From Eqs. (17) and (21), we get  

𝑢0( 𝑦) =
(1 − 𝑒−(−1+𝑦)√𝛽 + 𝑒(1+𝛼)√𝛽 − 𝑒(𝑦+𝛼)√𝛽)𝑝

(1 + 𝑒(1+𝛼)√𝛽)𝛽
 .                                           (24) 

From Eqs. (18) and (22), we have  

𝑢1(𝑥 , 𝑦)

= −
2𝑒

1
2
(1+𝛼)(2𝐺+√𝛽)

𝑝𝛾Cos[𝑥𝜆](−1 + Coth[𝐺(1 + 𝛼)])Sin[𝜃]Sinh[𝐺 − 𝐺𝑦]Sinh [
1
2
(1 + 𝛼)√𝛽]

(1 + 𝑒(1+𝛼)√𝛽)√𝛽

+
2𝑒

1
2
(1+𝛼)(2𝐺+√𝛽)

𝑝(−1 + Coth[𝐺(1 + 𝛼)])Sin[𝑥𝜆] 

(1 + 𝑒(1+𝛼)√𝛽)√𝛽
(−𝛾Cos[𝜃]Sinh[𝐺 − 𝐺𝑦] + Sinh[𝐺(𝑦

+ 𝛼)])Sinh[
1

2
(1 + 𝛼)√𝛽]                                                                                                        (25) 

 

From Eqs. (19) and (23), we get 
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𝑢2(𝑥 , 𝑦) = −
1

4(1 + 𝑒(1+𝛼)√𝛽)√𝛽
𝑒

3
2
(1+𝛼)√𝛽𝑝(−1

+ Coth[(1 + 𝛼)√𝛽]) (2𝐺Cosh [
1

2
(1 + 2𝑦 + 3𝛼)√𝛽] Coth[𝐺(1 + 𝛼)]

+ 2𝐺𝛾(Cos[𝜃]

+ 𝛾Cosh[𝐺(1 + 𝛼)])Cosh [
1

2
(−3 + 2𝑦 − 𝛼)√𝛽] Csch[𝐺(1 + 𝛼)]

− 2𝐺(2𝛾Cos[𝜃]

+ (1 + 𝛾2)Cosh[𝐺(1 + 𝛼)])Cosh [
1

2
(−1 + 2𝑦 + 𝛼)√𝛽] Csch[𝐺(1

+ 𝛼)] + 2𝐺𝛾Cos[𝜃]Cosh [
1

2
(1 + 2𝑦 + 3𝛼)√𝛽] Csch[𝐺(1 + 𝛼)]

+ √𝛽𝛾Sinh [
1

2
(−3 + 2𝑦 − 𝛼)√𝛽] − √𝛽Sinh [

1

2
(−1 + 2𝑦 + 𝛼)√𝛽]

+ √𝛽𝛾Sinh [
1

2
(−1 + 2𝑦 + 𝛼)√𝛽] − √𝛽Sinh [

1

2
(1 + 2𝑦 + 3𝛼)√𝛽])

+ Sin[2𝑥𝜆]
𝑒−𝐻𝑦𝑝

(4(−1 + 𝑒2𝐻(1+𝛼))(1 + 𝑒(1+𝛼)√𝛽)√𝛽)
(−(1

+ 𝑒(1+𝛼)√𝛽)√𝛽(𝑒𝐻(−1 + 𝑒2𝐻(𝑦+𝛼)) + (𝑒𝐻(2+𝛼) − 𝑒𝐻(2𝑦+𝛼))𝛾Cos[2𝜃])

+ 4𝑒
1
2
(1+𝛼)(2𝐺+√𝛽)𝐺((𝑒𝐻 + 𝑒𝐻(2𝑦+𝛼))(−1 + 𝑒𝐻+𝐻𝛼)𝛾Cos[𝜃] + (𝑒𝐻(−1

+ 𝑒2𝐻(𝑦+𝛼)) + (𝑒𝐻(2+𝛼) − 𝑒𝐻(2𝑦+𝛼))𝛾2Cos[2𝜃])Cosh[𝐺(1 + 𝛼)])(−1

+ Coth[𝐺(1 + 𝛼)])Sinh[
1

2
(1 + 𝛼)√𝛽]))

+ 𝐶𝑜𝑠[2𝑥𝜆] 
𝑒−𝐻𝑦𝑝

(4(−1 + 𝑒2𝐻(1+𝛼))(1 + 𝑒(1+𝛼)√𝛽)√𝛽)
((1

+ 𝑒(1+𝛼)√𝛽)√𝛽(2𝑒𝐻(−1 + 𝑒2𝐻(𝑦+𝛼))

+ (𝑒𝐻(2+𝛼) − 𝑒𝐻(2𝑦+𝛼))𝛾Sin[2𝜃])

− 4𝑒𝐻𝛼+
1
2
(1+𝛼)(2𝐺+√𝛽)(𝑒2𝐻 − 𝑒2𝐻𝑦)𝐺𝛾Cosh[𝐺(1 + 𝛼)](−1

+ Coth[𝐺(1 + 𝛼)])Sin[𝜃]Sinh [
1

2
(1 + 𝛼)√𝛽]

− 4𝑒𝐻𝛼+
1
2
(1+𝛼)(2𝐺+√𝛽)(𝑒2𝐻 − 𝑒2𝐻𝑦)𝐺𝛾2(−1

+ Coth[𝐺(1 + 𝛼)])Sin[2𝜃]Sinh [
1

2
(1

+ 𝛼)√𝛽])  ,                                                                                    (26) 

where,      𝐺 = √𝜆2 + 𝛽          ,         O = √4𝜆2 + 𝛽 
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The Eqs. (22-24) along with their boundary conditions (17-19) discussed above, are 

solved precisely using the DSolve function with the assistance of the Mathematica 

program. The value of 𝑢𝑜( 𝑦),  𝑢1(𝑥 , 𝑦), and 𝑢2(𝑥 , 𝑦) is obtained, and then, the overall 

solution for the potential equation can be deduced using equation (20). 

The volume flow rate per unit channel width can be expressed as follows, where the last 

two integrals involve the expansion of the function w in a Taylor series around the mean 

wall positions. The final outcome is achieved by taking an average over one wavelength 

of corrugations. 

𝑞(𝑥) = ∫ 𝑢  𝑑𝑦
𝑦𝑢

𝑦𝑙

= ∫ 𝑢  𝑑𝑦
1

−𝛼

+ ∫ 𝑢  𝑑𝑦
𝑦𝑢

1

+ ∫ 𝑢  𝑑𝑦
−𝛼

𝑦𝑙

                      (27) 

𝑞(𝑥) = ∫ 𝑢𝑜( 𝑦) 𝑑𝑦
1

−𝛼

+ 𝜀 [∫ (𝑢1(𝑥 , 𝑦))𝑑𝑦
1

−𝛼

)]

+ 𝜀2 [∫ (𝑢2(𝑥 , 𝑦)) 𝑑𝑦
1

−𝛼

)

+ [Sin[𝑥𝜆] ∗ 𝑢1(𝑥 , 𝑦))|𝑦=1 − Sin[𝑥𝜆 + 𝜃] ∗ 𝑢1(𝑥 , 𝑦))|𝑦=−𝛼]

+ (
Sin[𝜆𝑥]2

2
 
𝜕𝑢𝑜(𝑥 , 𝑦)

𝜕𝑦
|
𝑦=1

−
Sin[𝜆𝑥 + 𝜃]2

2
 
𝜕𝑢𝑜(𝑥 , 𝑦)

𝜕𝑦
|
𝑦=−𝛼

)]                                                                (28) 

The mean velocity is given by 

u𝑚 =
𝜆

4 𝜋
∫ 𝑞(𝑥) 𝑑𝑥

2 𝜋
𝜆

0

= 𝑢0𝑚[1 + 𝜀2𝜙 + 𝑂(𝜀4) ∙∙∙∙∙∙∙∙∙]                                (29)  

3. Discussion and Outcomes 
This section investigates the behavior of gold nanofluid flowing through corrugated 

walls through graphical analysis. The partial differential equations were solved 

analytically using perturbation methods, and approximative analytical solutions were 

obtained using Mathematica software.  

Mean velocity, flow rate, concentration, and heat transfer rate were examined at various 

locations in the microchannel. In order to verify the accuracy of the results, Table 2 
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compares the obtained results with previously published data obtained under identical 

conditions, at 𝛼 = 0, 𝜏 = 0.5, 𝜆 = 0.1, 𝑅𝑒 = 0, 𝑠 = 0, 𝜆1 = 𝜆2 = 0 and 𝜀 = 0.1 , 𝛼 =

1, 𝛾 = 1. It should be noted that the microfluid analysis assumes the channel's half-

height to be 𝐻~40 𝜇𝑚. The following primary parameter values were utilized to study 

the impacts of corrugated nanofluid flow [24]. 

𝑂(𝜌) ∼  1 × 103 − 5.91 × 103 𝑘𝑔 𝑚−3, 𝑂(𝜇) ∼  0.001 𝑘𝑔 𝑚𝑠−1, 

𝑂(𝐵𝑦) ∼  1 − 50𝑇 , 𝑂(𝐸𝑥 ) 0 − 104 𝑉 𝑚−1, 𝑂(𝐸𝑧) ∼  0 − 104 𝑉 𝑚−1 

 

 

 

Table 1: Comparison of numerical values of volumetric flow rate for different Hartmann number (𝑯𝒂) 

𝑯𝒂 
A. Y. Sayed et al. [2023] Present work 

𝒒(𝟏) 𝒒(𝟔𝟎) 𝒒(𝟏) 𝒒(𝟔𝟎) 

𝟎 0.333672 0.331201 0.333691 0.331198 

𝟎. 𝟏 0.332354 0.329813 0.332362 0.329877 

𝟎. 𝟓 0.303385 0.301087 0.303397 0.301090 

𝟏 0.238672 0.236752 0.238688 0.236783 

 

 

 

 

 

 

Table 2: Typical values of the physical variables [24] 

Physical variables Values [units] 

Characteristic channel length    (𝑯) 40 𝜇𝑚 

Electrical field in axial direction   (𝑬𝒙) 0 − 2 × 104  𝑉/𝑚 

Applied magnetic field   (𝑩𝒚) 1– 50 𝑇 

Viscosity of the fluid    (𝝁) 10 − 6 𝑚2 𝑠⁄  

Electrical conductivity    (𝝈𝒆) 1000 𝑊/𝑚2 
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In the case of a symmetric and asymmetric corrugated channels where 𝜃 = 0, as seen in 

figures (2a-d) and contour plots (3a-d), the velocity of the Jeffrey fluid decreases with 

increasing retardation time due to the longer time required for the fluid molecules to 

relax.  

The presence of corrugated walls in the channel causes additional flow resistance, 

exacerbating the velocity reduction in non-Newtonian fluids compared to Newtonian 

fluids with constant viscosity.  

This effect is particularly pronounced at lower values of the retardation time when the 

fluid has less time to adapt to the changing channel geometry. 

  

  

Figure 2. The velocity distribution in three dimensions for 𝜺 = 𝟎. 𝟏 , 𝝀 = 𝟎. 𝟏 , 𝑯𝒂 = 𝟎. 𝟓, 𝒔 = 𝟏𝟎,𝝎 = 𝝅, 𝝉 = 𝟏 , 𝜽 =

𝟎,𝑫𝒂 = 𝟎. 𝟐,𝑹𝒆 = 𝟎. 𝟓, 𝜶 = 𝟏, 𝜸 = 𝟏. (a) Symmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟎. 𝟓 (b) Symmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟏(c) 

Asymmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟎. 𝟓, 𝜶 = 𝟎. 𝟕 , 𝜸 = 𝟎. 𝟐 (d) Asymmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟏, 𝜶 = 𝟎. 𝟕 , 𝜸 = 𝟎. 𝟐 

(a) 
(b) 

(c) (d) 
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Figures (4a-d) and contour plots (5a-d) show that the corrugated walls of the channel 

also create additional flow resistance, leading to a reduction in the velocity of the non-

Newtonian fluid.  

However, in this case, the value of 𝜃 = 𝜋, causing the top and bottom walls to be 

symmetric with respect to the channel centerline.  

This symmetry can result in a more uniform flow profile, which may explain the smaller 

decrease in velocity with increasing retardation time compared to the previous case.  

 

 

 

  

  

Figure 3. Contour plot for velocity distribution 𝜺 = 𝟎. 𝟏 , 𝝀 = 𝟎. 𝟏 , 𝑯𝒂 = 𝟎. 𝟓, 𝒔 = 𝟏𝟎,𝝎 = 𝝅, 𝝉 = 𝟏 , 𝜽 = 𝟎,𝑫𝒂 =

𝟎. 𝟐, 𝑹𝒆 = 𝟎. 𝟓, 𝜶 = 𝟏, 𝜸 = 𝟏. (a) Symmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟎. 𝟓 (b) Symmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟏(c) Asymmetric  𝝀𝟏 =

𝟎. 𝟏, 𝝀𝟐 = 𝟎. 𝟓, 𝜶 = 𝟎. 𝟕 , 𝜸 = 𝟎. 𝟐 (d) Asymmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟏,𝜶 = 𝟎. 𝟕 , 𝜸 = 𝟎. 𝟐 

(a) 

(c) (d) 

(b) 
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In Figure (6), it can be observed that the velocity of the non-Newtonian fluid is lower 

than that of the Newtonian fluid in the symmetric case, as well as in the asymmetric 

case.  

This can be explained by the fact that the corrugated channel geometry creates additional 

flow resistance for the non-Newtonian fluid, leading to a reduction in its velocity. In the 

symmetric case, the flow profile is more uniform due to the symmetry of the channel, 

resulting in less resistance to flow and a smaller decrease in velocity.  

  

  

Figure 4. The velocity distribution in three dimensions for 𝜺 = 𝟎. 𝟏 , 𝝀 = 𝟎. 𝟏 , 𝑯𝒂 = 𝟎. 𝟓, 𝒔 = 𝟏𝟎,𝝎 =

𝝅, 𝝉 = 𝟏 , 𝜽 = 𝝅,𝑫𝒂 = 𝟎. 𝟐,𝑹𝒆 = 𝟎. 𝟓, 𝜶 = 𝟏, 𝜸 = 𝟏. (a) Symmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟎. 𝟓 (b) Symmetric  

𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟏(c) Asymmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟎. 𝟓, 𝜶 = 𝟎. 𝟕 , 𝜸 = 𝟎. 𝟐 (d) Asymmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 =

𝟏, 𝜶 = 𝟎. 𝟕 , 𝜸 = 𝟎. 𝟐 

(a) (b) 

(c) (d) 



Ahmed Y. Sayed /Engineering Research Journal 179 (September 2023)PH1 – PH23 

 

 

PH15 

However, even with this more uniform flow profile, the non-Newtonian fluid still 

experiences a larger decrease in velocity compared to the Newtonian fluid due to its 

non-linear viscosity.  

In the asymmetric case, the flow profile is less uniform, resulting in more resistance to 

flow and a larger decrease in velocity for both the Newtonian and non-Newtonian fluids. 

In summary, the presence of corrugations in the channel creates additional flow 

resistance, which leads to a reduction in the velocity of both Newtonian and non-

Newtonian fluids. 

 

 

 

  

  

Figure 5. Contour plot for velocity distribution for 𝜺 = 𝟎. 𝟏 , 𝝀 = 𝟎. 𝟏 , 𝑯𝒂 = 𝟎. 𝟓, 𝒔 = 𝟏𝟎,𝝎 = 𝝅, 𝝉 =

𝟏 , 𝜽 = 𝝅,𝑫𝒂 = 𝟎. 𝟐,𝑹𝒆 = 𝟎. 𝟓, 𝜶 = 𝟏, 𝜸 = 𝟏. (a) Symmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟎. 𝟓 (b) Symmetric  𝝀𝟏 =

𝟎. 𝟏, 𝝀𝟐 = 𝟏(c) Asymmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟎. 𝟓, 𝜶 = 𝟎. 𝟕 , 𝜸 = 𝟎. 𝟐 (d) Asymmetric  𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟏, 𝜶 =

𝟎. 𝟕 , 𝜸 = 𝟎. 𝟐 

(a) (b) 

(c) (d) 
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Figure 6. The velocity distribution with Symmetric and Asymmetric Channels for a prescribed value of 

𝒙 = 𝟎. 𝟓  𝜺 = 𝟎. 𝟏 , 𝝀 = 𝟎. 𝟏 , 𝒔 = 𝟏𝟎, 𝝉 = 𝟐,𝝎 = 𝝅, 𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 = 𝟎. 𝟓, 𝑹𝒆 = 𝟏, 𝝉 = 𝟐,𝑫𝒂 = 𝟎. 𝟐  

 

In Figure (7). As the Hartmann number was increased from 0 to 2, the velocity of the 

non-Newtonian fluid increased. This is because the magnetic field exerts a force on the 

fluid that enhances the flow in the direction perpendicular to the magnetic field lines. 

However, as the Hartmann number was further increased beyond 2, the velocity of the 

non-Newtonian fluid started to decrease. This is because the magnetic field became 

strong enough to suppress the fluid motion and dampen the flow. The value of the 

relaxation time is relatively low, indicating that the fluid has less time to adapt to the 

changing geometry of the channel. However, increasing the value  



Ahmed Y. Sayed /Engineering Research Journal 179 (September 2023)PH1 – PH23 

 

 

PH17 

 

 

 

 

 

 

 

 

 

 

 

Figure 7. The mean velocity 

with Hartmann 

number (𝑯𝒂) for 𝜺 = 𝟎. 𝟏 , 𝝀 =

𝟎. 𝟏 , 𝒔 = 𝟏𝟎, 𝝉 = 𝟐,𝝎 =

𝝅, 𝝀𝟏 = 𝟎. 𝟏, 𝑹𝒆 = 𝟏, 𝝉 = 𝟐, 𝜶 = 𝟏, 𝜸 = 𝟏,𝑫𝒂 = ∞  

of the retardation time (0.1 to 0.3) led to an increase in the fluid velocity. This is because 

the retardation time controls the rate at which the fluid molecules resist deformation, 

and increasing the retardation time allows the fluid to better adapt to the changing 

channel geometry, resulting in a more efficient flow. 

 

 

 

 

 

 

 

 

 

 

Figure 8. The mean 

velocity with Electric field 

(𝒔) for 𝜺 = 𝟎. 𝟏 , 𝝀 = 𝟎. 𝟏 , 𝒔 = 𝟏𝟎, 𝝉 = 𝟐,𝝎 = 𝝅, 𝝀𝟏 = 𝟎. 𝟏, 𝑹𝒆 = 𝟏, 𝝉 = 𝟐, 𝜸 = 𝟏,𝑫𝒂 = ∞ 
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As shown in Figure 

(9), the velocity of 

the non- Newtonian 

fluid increased 

for all values of 

the retardation 

time (0, 0.2, and 

0.5) as the electric 

field strength 

was increased from 0 to 25. This is because the electric field exerts a force on the fluid 

that enhances the flow in the direction perpendicular to the electric field lines. The 

magnitude of the increase in velocity varies with the value of the retardation time and 

decreases as the value of the retardation time increases. This is because the retardation 

time controls the rate at which the fluid molecules resist deformation, and a higher 

retardation time means that the fluid resists the electric field force more strongly, leading 

to a smaller increase in velocity. 
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Figure 9. The mean velocity with Porous medium (𝑫𝒂) for 𝜺 = 𝟎. 𝟏 , 𝝀 = 𝟎. 𝟏 , 𝒔 = 𝟏𝟎, 𝝉 = 𝟐,𝝎 = 𝝅, 𝝀𝟏 =

𝟎. 𝟏, 𝝀𝟐 = 𝟎. 𝟓, 𝑹𝒆 = 𝟎. 𝟓 

 

In Figure 9, the relationship between the mean velocity and the porous medium for the 

non-Newtonian fluid is shown. It can be observed that the mean velocity increases from 

zero to approximately 0.3, then decreases slightly before stabilizing. Furthermore, the 

mean velocity in the symmetric channel is greater than that in the asymmetric channel. 

This behavior can be explained by the presence of the porous medium, which creates 

additional resistance to flow.  

As the fluid flows through the porous medium, it experiences more resistance compared 

to a smooth channel due to the presence of the solid particles. This resistance leads to a 

decrease in mean velocity.  

However, as the fluid flows further downstream, it begins to recover some of its velocity 

due to the reduction in solid particle concentration. This is why the mean velocity 

increases initially before reaching a peak and then decreasing slightly before stabilizing. 

The difference in mean velocity between the symmetric and asymmetric channels can 

be attributed to the difference in flow profile.  

In the symmetric case, the flow is more uniform, resulting in less resistance to flow and 

a higher mean velocity. In contrast, in the asymmetric case, the flow is less uniform, 

resulting in more resistance to flow and a lower mean velocity. 
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Figure 10. The mean velocity with 

pressure (𝝉) Amplitude pulsating 

for 𝜺 = 𝟎. 𝟏 , 𝝀 = 𝟎. 𝟏 , 𝒔 =

𝟏𝟎,𝝎 = 𝝅, 𝝀𝟏 = 𝟎. 𝟏, 𝝀𝟐 =

𝟎. 𝟓, 𝑹𝒆 = 𝟎. 𝟓, 𝑫𝒂 = ∞ 

 

In Figure (10), as the Reynolds number was increased from 0 to 2, the velocity of the 

non-Newtonian fluid decreased. This is because the flow became more turbulent at 

higher Reynolds numbers, which increased the flow resistance and decreased the fluid 

velocity. The parameters used were Retardation time 𝜆2 = 0.5, Relaxation time 𝜆1 =

0.1, and Angular frequency 𝜔 = 𝜋. The Reynolds number was varied at values of 0, 1, 

and 2. At these parameter values, the velocity of the non-Newtonian fluid decreased as 

the Reynolds number was increased. This is due to the increase in flow resistance 

associated with higher Reynolds numbers, as previously mentioned.  

The value of the angular frequency of the pulsating pressure is 𝜔 = 𝜋, which 

corresponds to a half-period of the sine wave. This may result in a more uniform flow 

profile and smaller decrease in velocity with increasing Reynolds number compared to 

cases where the angular frequency is different. 

4. Conclusion. 
This study investigates the behavior of non-Newtonian fluids, specifically Jeffery 

fluids, in both symmetric and asymmetric corrugated channels under different 

external influences. Non-Newtonian fluids exhibit distinct flow behaviors in 

comparison to Newtonian fluids and are frequently encountered in various 

engineering applications. Understanding their behavior in complex geometries, such 

as corrugated channels, is crucial for designing and optimizing these applications. 
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The study focuses on the behavior of non-Newtonian Jeffery fluids in a corrugated 

channel under different external influences. 

- Corrugated channels and porous media create additional flow resistance, leading 

to a reduction in velocity and mean velocity of non-Newtonian fluids. 

- Non-Newtonian fluids experience larger decreases in velocity compared to 

Newtonian fluids due to their non-linear viscosity. 

- Channel asymmetry can result in a less uniform flow profile, leading to more 

resistance to flow and a larger decrease in velocity compared to symmetric 

channel geometry. 

- The presence of a porous medium also creates additional resistance to flow, 

leading to a decrease in mean velocity for the non-Newtonian fluid. 

- Understanding the behavior of non-Newtonian fluids in complex geometries is 

crucial for the design and optimization of fluid systems in various engineering 

applications, including chemical processing, biomedical devices, and 

microfluidic devices. 
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